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ABSTRACT
Hidden Markov modeling (HMM) provides a probabilistic

framework for modeling a time series of multivariate ob-
servations. An HMM describes the dynamic behavior of
the observations in terms of movement among the states
of a finite-state machine. In this paper, we present an al-
gorithm that selects an HMM topology for a set of time
series data. Our method selects a topology based on a like-
lihood criterion and a heuristic evaluation of complexity.
The algorithm iteratively prunes state transitions from a
large general HMM topology until a topology is obtained
that concisely represents the dynamic structure of the data.
The goal of this approach is to allow the data to reveal their
own dynamic structure without external assumptions con-
cerning the number of states or pattern of transitions.

1. INTRODUCTION
Hidden Markov models (HMMs) provide a probabilistic

technique for grouping observations of a process into states.
An HMM state can be interpreted as a type of behavior
exhibited by the process being modeled. The HMM rep-
resents the overall process behavior in terms of movement
between states and describes the inherent variations of the
observations within a state [1]. For each observation, the
process being modeled occupies one of the HMM states.
With each observation, the HMM either moves to another
state or stays in the same state, based on a set of state
transition probabilities associated with the state. Thus,
the state transition probability (A) distributions describe
the underlying dynamic structure of the observations. The
variety of the observations within a state is represented by
the observation probability (B) distribution for that state,
which may be either continuous or discrete. The HMMs
discussed in this paper are discrete HMMs, where the ob-
servation sequence is a sequence of symbols drawn from a
finite set of possible observations. With discrete HMMs,
the continuous multivariate observations are mapped to a
discrete set of observation symbols by a technique known
as vector quantization [2].

Choosing a topology for an HMM requires a priori knowl-
edge of the dynamic structure of the data to be modeled.
Historically, the choice of topology for an HMM application
has been determined empirically [1]. In training an HMM,
the probability distributions for any topology will adapt to
capture the statistical behavior of the data [3]. However,
if the HMM topology has too few states or an inappropri-
ate network of state transitions, two or more distinct types
of process behavior will be represented by a single state in

the HMM. This decreases the likelihood of the model for

the given data. Liu and Narayan have shown that different
topologies can be equivalent in their ability to generate the
same data [3]. If the data generated by two different HMMs
are statistically equivalent, the simpler model is preferred,
since it more efficiently represents the dynamic structure of
the data.

Three main classes of topology estimators have been
proposed in the literature: grammatical inference tech-
niques [4], decomposition of large ergodic structures [5], and
information-theoretic approaches [3]. The grammatical in-
ference techniques are limited to the estimation of tempo-
ral topologies. Topology estimation by decomposition of a
large ergodic HMM is not restricted to a temporal structure,
but the topology estimate tends to be complex and usually
not an efficient model of the process. The information-
theoretic approaches are specific to the problem of estimat-
ing the order (number of states) for the HMM topology but
do not address which transitions should be allowed between
the states.

2. APPROACH

We have developed a method for selecting an efficient HMM
topology to represent the dynamic structure of a set of time
series data. The algorithm iteratively prunes state transi-
tions (including self-transitions and possible initial states)
from an initial general topology until only one state re-
mains. The algorithm then selects a topology from the set
of topologies generated over the pruning iterations.

The first step of our algorithm is to train a large general
topology for the data. This topology is ergodic, with a fully-
populated state transition probability (A) matrix. Each
observation symbol has its own state. This topology has the
most flexibility to model a set of data, since the maximum
number of state transitions is available. Ten iterations of
the Baum-Welch (B-W) reestimation algorithm [1] train the
initial topology.

At each iteration of the algorithm, one state transition is
pruned (by setting its probability to zero). To determine
which transition will be removed by a pruning iteration, the
algorithm trains (ten iterations of B-W) a set of 7' candi-
date topologies, where T' is the number of state transitions
at the input of the pruning iteration. A different state tran-
sition is removed in each candidate topology. Initial state
probabilities are treated as state transition probabilities by
the algorithm. That is, starting in a particular state is
equivalent to a state transition from a null state into the
initial state. Using the forward algorithm [1], the proba-
bility of the data given the model, Pr(O|}), is computed
for each candidate topology. The most likely (i.e. largest
Pr(O|X)) candidate topology is then chosen as the output
of the pruning iteration. Thus, a pruning iteration removes



the state transition that is least important in describing the
data. When a state transition is removed, the observations
that were previously using that path must use new paths,
and the shapes of the model’s B distributions will change.
The B distributions are smoothed with a floor value of %,
where 7 is the total number of observations in the data.
However, the algorithm does not smooth the A distribu-
tions to ensure that once a transition is pruned, it is never
used.

When a pruning iteration results in the removal of a self-
transition for a state, that state is eliminated entirely from
the topology. A state without a self-transition cannot rep-
resent a meaningful portion of process behavior, since it
is merely an intermediate step (one symbol in duration)
between other states. To eliminate a state, all transitions
into and out of that state are removed. In addition, state
transition probabilities are redistributed to establish direct
transitions between states that were previously connected
via the eliminated state. Then ten iterations of B-W reesti-
mation are performed to train the state-eliminated topology
prior to the next pruning iteration. The redistribution of
state transition probabilities is best explained by example.
Assume that state s2 is to be eliminated from the topology,
and the probability of transition from state s; to state sz is
0.3. Also, assume that the only paths leaving state sy are
from sz to state s3 and from sz to state s4. The probability
of entering state s» from state s; is uniformly distributed
between the paths from s; to s3 and from s; to s4. Thus,
0.15 is added to the probabilities of transition from s; to s3
and from s; to s4.

The algorithm’s topology estimate is selected by exam-
ining the trajectory of the Pr(O|X) probabilities over the
pruning iterations. The trajectory of Pr(O|)X) vs. pruning
iteration is approximately flat when the removal of a state
transition has not limited the topology’s ability to model
the data. When the removal of a state transition causes
Pr(O|X) to decrease substantially, the topology has been
pruned beyond a structure that is appropriate for model-
ing the data. The simplest topology reached before a sub-
stantial decrease in Pr(O|)) for a pruning iteration is the
algorithm’s estimate of the dynamic structure of the data.

3. EXAMPLE

Data consisting of 100 observation sequences with 4 possi-
ble symbols were generated by the 3-state temporal HMM
shown in Figures 1 and 2. The parameters for this model
are listed in Table 1. All of the observation sequences were
forced to start in the same state and transition through the
second state to end in the third state. Once in the third
state, the probability of the end of the observation sequence
was 0.1. The 100 observation sequences had a total data size
of 2594 observations, with a minimum sequence length of 4
and a maximum sequence length of 91.

The pruning algorithm described in Section 2 was ap-
plied to the data. The HMM topology after each pruning
iteration is shown in Figure 3, where the initial topology
appears as iteration 0. This figure shows the order in which
the state transitions were pruned to dissolve the initial 4-
state ergodic topology to a single state. States in which
an observation sequence could begin are indicated by an
asterisk.

Figure 4 shows Pr(O|X) over the pruning iterations, nor-
malized to compensate for the dependence of Pr(O|)X) on
data length. The algorithm reached the single-state topol-
ogy in 14 pruning iterations. Since the normalized Pr(O|X)
was decreased by pruning iteration 13, the algorithm’s

topology estimate is the 3-state temporal topology obtained
after pruning iteration 12. This topology (indicated by the
boxed iteration number in Figure 3) matches the HMM that
generated the data. The parameters of the estimated topol-
ogy (shown in Table 2) also match those for the model that
generated the data (Table 1).

Figure 5 illustrates how the B distributions evolve over
the pruning iterations. As the A matrix becomes more
sparse with the removal of each state transition, the B dis-
tributions become broader.

4. CONCLUSION

In this paper, we have described an algorithm that itera-
tively prunes state transitions from a large general HMM
topology to estimate a topology for a set of time series
data. Our topology estimate is based on both likelihood
and complexity, where complexity is determined by inspec-
tion. We have presented an example of the estimation of a
simple temporal HMM topology from simulated data. Our
method has also shown promise in application to simulated
data from ergodic topologies. Future work will involve the
development of metrics that combines likelihood and com-
plexity to select the topology estimate. In addition, metrics
will be developed to quantify algorithm performance and
the algorithm will be generalized to consider continuous-
density HMMs. Also, the algorithm will be evaluated by
simulation to determine its limitations with respect to A
matrix symmetry, the smoothness and overlapping of the
B distributions, vector quantization noise, and data size.
The ultimate goal is to apply the algorithm to describe the
dynamic structure of data from a physical process such as
human sleep.
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Figure 1. Actual HMM Topology
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Table 1. Actual HMM Probability Distributions
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Table 2. Estimated HMM Distributions
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Figure 3. Cascade of HMM Topologies vs. Pruning Iteration
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Figure 4. Plot of Normalized Pr(O|)) vs. Pruning Iteration
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Figure 5. Cascade of B Distributions vs. Pruning Iteration




